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r^ ' It is well-known that an abelian variety is (absolutely) simple or is isogenous to 

a self-product of an (absolutely) simple abelian variety if and only if the center of 
its endomorphism algebra is a field. In this paper we prove that the center is a field 
if the field of definition of points of prime order £ is "big enough" . 

The paper is organized as follows. In ^we discuss Galois properties of points of 
order i on an abelian variety X that imply that its endomorphism algebra End {X) 
is a central simple algebra over the field of rational numbers. In Sj2]we prove that 
similar Galois properties for two abelian varieties X and Y combined with the linear 
T^ ' disjointness of the corresponding fields of definitions of points of order i imply that 

j^ . X and Y are non-isogenous (and even IIom(X, F) = 0). In fJSlwe give applications 

to endomorphism algebras of hyperelliptic jacobians. In 21 "^^ prove that if X 
admits multiplications by a number field E and the dimension of the centralizer of 
E in End°(X) is "as large as possible" then X is an abelian variety of CM- type 
isogenous to a self-product of an absolutely simple abelian variety. 

Throughout the paper we will freely use the following observation j^ p. 174]: 
[~^ , if an abelian variety X is isogenous to a self-product Z"* of an abelian variety Z 

CNJ ' then a choice of an isogeny between X and Z'^ defines an isomorphism between 

^ ! End°(X) and the algebra Md(End°(Z)) of d x d matrices over End°(Z). Since the 

~l ' center of End (Z) coincides with the center of M^ (End (Z)), we get an isomorphism 

C^ . between the center of End {X) and the center of End (Z) (that does not depend 

on the choice of an isogeny). Also dim(X) = d ■ dim(Z); in particular, both d and 
dim(Z) divide dim(X). 
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1. Endomorphism algebras of abelian varieties 



. , Throughout this paper if is a field. We write Ka for its algebraic closure and 

j^ ■ Ga.\{K) for the absolute Galois group Ga\{Ka/K). We write £ for a prime different 

from char(if). If X is an abelian variety of positive dimension over Ka then we 
write End(X) for the ring of all its ifa-endomorphisms and End°(X) for the cor- 
responding Q-algebra End(X) (g) Q. If F is (may be, another) abelian variety over 
Ka then we write IIom(X, Y) for the group of all i^a-homomorphisms from X to 
Y. It is well-known that Hom(X, Y) = ii and only if Hom(F, X) = 0. 

If ri is a positive integer that is not divisible by char(i4r) then we write X„ for 
the kernel of multiplication by n in X{Ka)- It is well-known [2] that X„ is a free 
Z/nZ- module of rank 2dim(X). In particular, ii n = i is a prime then Xi is an 
Ff-vector space of dimension 2dim(X). 

If X is defined over K then X„ is a Galois submodule in X{Ka)- It is known 
that all points of Xn are defined over a finite separable extension of K. We write 
Pn,x,K ■ Gal{K) -^ Autz/nziXn) for the corresponding homomorphism defining 
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the structure of the Galois module on X„, 

for its image pn.x ,K{Gal{K)) and K{Xn) for the field of definition of all points of 
Xn- Clearly, K{Xn) is a finite Galois extension oiK with Galois group G&\{K [Xn] / K) 
Gn.x,K- li n — i then we get a natural faithful linear representation 

Ge,x,K C Autw,{Xe) 

of Gi,x.K in the F^-vector space Xg. 

Remark 1.1. li n — (.^ then there is the natural surjective homomorphism 

Tl^X ■ Gi2x^K ~* Gi^x,K 

corresponding to the field inclusion K{Xi) C K{Xg2); clearly, its kernel is a finite 
^-group. Every prime dividing #{Gi2x,k) either divides #{Gi^x,k) or is equal to 
L If A is a subgroup in Gi2x,k of index N then its image r^^x(^) in Gg^x.K is 
isomorphic to A/Af^keilr^^x)- It follows easily that the index of T£^x(^) in Gi^x,K 
equals N/P where £^ is the index of Af]'ker{Ti^x) in ker(T£.x)- In particular, j is 
a nonnegative integer. 

We write Endx(^) for the ring of all iC-endomorphisms of X. We have 

Z = Z • 1a' C EndK(X) C End(X) 

where Ix is the identity automorphism of X . Since X is defined over K, one may 
associate with every u £ End(X) and a £ Gal(i^) an endomorphism "'u £ End(X) 
such that '^u{x) = au(a^^x) for x £ X{Ka) and we get the group homomorphism 

Kx : G£d{K) -> Aut(End(X)); Kx(cr)(u) = ""u Vcr G Gal(i^), u £ End(X). 

It is well-known that Endx(^) coincides with the subring of Gal(-fi')-invariants 
in End(X), i.e., Endi^(X) = {u € End(X) | "u ^ u \/a £ Gal(i^)}. It is 
also well-known that End(X) (viewed as a group with respect to addition) is a 
free commutative group of finite rank and End/^ (X) is its pure subgroup, i.e., the 
quotient End(X)/End/f (X) is also a free commutative group of finite rank. All 
endomorphisms of X are defined over a finite separable extension of K. More 
precisely '31', if n > 3 is a positive integer not divisible by char(ii') then all the 
endomorphisms of X are defined over K{Xn)] in particular, 

Gal{K{X,,)) C ker(Kx) C Gal(ii:). 

This implies that if Tk := Kx(Gal(i^)) C Aut(End(X)) then there exists a surjec- 
tive homomorphism nx.ri '■ Gn,x ~^ ^K such that the composition 

GaliK) -» GaX{K{Xn)/K) = Gn,x ''^" Tk 

coincides with kx and 

EndA:(X) = End(X)^^. 

Clearly, End(X) leaves invariant the subgroup X^ C X{Ka). It is well-known that 
u £ End(X) kills Xt (i.e. u{Xi) = 0) if and only li u £ i ■ End(X). This gives us a 
natural embedding 

EndK(X) ® Z/« C End(X) Z/« ^ EndF,(Xf); 
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the image of End/f (X) (g) Z/tt lies in the centrahzer of the Galois group, i.e., we 
get an embedding 

EndK{X) ® Z/« ^ EndGai(i^)(^£) = End^^^^{Xe). 

The next easy assertion seems to be well-known (compare with Prop. 3 and its 
proof on pp. 107-108 in 19 ) but quite useful. 

Lemma 1.2. //End^^ ^ ^(X^) = F^ then End^lX) = Z. 

Proof. It follows that the F<i-dimension oi EndK {X) (E)Z / £Z does not exceed 1. This 
means that the rank of the free commutative group EndKiX) does not exceed 1 
and therefore is 1. Since Z • Ix C End^f (X), it follows easily that End/^ (X) = 

Z-lx=Z. D 

Lemma 1.3. //End^. (Xi) is a field then Endx(X) has no zero divisors, i.e, 

End/f (X) iSi Q is a division algebra over Q. 

Proof. It follows that End/i:(X) (g) Z/^Z is also a field and therefore has no zero di- 
visors. Suppose that u, v are non-zero elements of Endi^:(X) with uv = 0. Dividing 
(if possible) u and v by suitable powers of £ in Endi<-(X), we may assume that both 
u and V do not lie in ^Endx(X) and induce non-zero elements in EndKiX) (g) Z/£Z 
with zero product. Contradiction. D 

Let us put End''(X) := End(X) (g) Q. Then End"(X) is a semisimple finite- 
dimensional Q-algebra HIl §21]. Clearly, the natural map Aut(End(X)) -^ Aut(End"(X)) 
is an embedding. This allows us to view kx as a homomorphism 

Kx ■■ Gal{K) -^ Aut(End(X)) C Aut(End"(X)), 

whose image coincides with Tk C Aut(End(X)) C Aut(End"(X)); the subalgebra 
End°(X)'"^ of r^-invariants coincides with EndK(X) (g Q. 

Remark 1.4. (i) Let us split the semisimple Q-algebra End''(X) into a finite 

direct product End°(X) = Osgi^s °^ simple Q-algebras Ds. (Here 1 is 
identified with the set of minimal two-sided ideals in End°(X).) Let eg be 
the identity element of Dg. One may view e^ as an idempotent in End {X). 
Clearly, 



Ix = ^ e, e End"(X), e,et = 0\fs^t. 



sGl 

There exists a positive integer N such that all N ■ e^ lie in End(X). We 
write Xs for the image Xs :— {Nes){X); it is an abelian subvariety in X of 
positive dimension. The sum map 

s s 

is an isogeny. It is also clear that the intersection Ds H End(X) leaves Xg C 
X invariant. This gives us a natural identification Dg = End (Xs). One 
may easily check that each Xg is isogenous to a self-product of (absolutely) 
simple abelian variety and if s 7^ f then Hom(Xs, Xt) — 0. 
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(ii) We write Cs for the center of Dg- Then Cs coincides with the center 
of End (Xs) and is therefore either a totaUy real number field of degree 
dividing dim(X3) or a CM-field of degree dividing 2dini(Xs) [HI P- 202]; 
the center C of End*'(X) coincides with Jlsei^s = ®sesCs- 
(iii) All the sets 

{es\sel} C (BsexQ ■ e. C ®sexCs = C 

are stable under the Galois action Gal{K) -— ^ Aut(End {X)). In par- 
ticular, there is a continuous homomorphism from Gal(ii') to the group 
Perm(X) of permutations of X such that its kernel contains ker(Kx) and 

e<.(s) = nx{a)ie,) = '^e,, ''{Cs) = C^^s), %Ds) = i?.(,) Vrr e Gal(if),s e I. 

It follows that Xo.(s) = Necr(s){X) = a{Nes{X)) = <t{Xs); in particular, 
abelian subvarieties Xs and ^cr(s) have the same dimension and u i— > "'u 
gives rise to an isomorphism of Q-algebras End°{X„(^s)) — End°(Xs). 
(iv) If J is a non-empty Galois-invariant subset in J^ then the sum y^^g ,- Ncs 
is Galois-invariant and therefore lies in End_fs-(X). If J' is another Galois- 
invariant subset of I that does not meet J then X^sgj-^^s ^^^'^ ^^^^ '^^ 
Endi<-(X) and X^ssJ -^^« SseJ' -^^^ ~ ^- Assume that End/f(X) has no 
zero divisors. It follows that X must consist of one Galois orbit; in partic- 
ular, all Xs have the same dimension equal to dim(X)/#(J). In addition, 
ii t G I, Gal(iir)( is the stabilizer of t in Gal(iir) and Ft is the subfield of 
Gal(if)t-invariants in the separable closure of K then it follows easily that 
Gal(ii')t is an open subgroup of index #(X) in Gal(i<'), the field extension 
Ft/K is separable of degree #(I) and HseS "^« ^^ isomorphic over Ka to 
the Weil restriction Kesp^/KiXt). This implies that X is isogenous over Ka 
to ResFt/K{Xt)- 

Theorem 1.5. Suppose that I is a prime, K is a field of characteristic ^ i. Suppose 
that X is an abelian variety of positive dimension g defined over K. Assume that 
Gi^x,K contains a subgroup Q such Endg(J("f) is a field. 
Then one of the following conditions holds: 

(a) The center of End {X) is a field. In other words, End {X) is a simple 
Q-algebra. 

(b) (i) The prime i is odd; 

(ii) there exist a positive integer r > \ dividing g, a field F with 

K (zKiXef =:LcFcK{Xi,), [F : L] ^ r 

and a ^-dimensional abelian variety Y over F such that End (Y) is 
a simple Q-algebra, the <Q-algebra End (X) is isomorphic to the direct 
sum of r copies of End (Y) and the Weil restriction Kesp/i^{Y) is 
isogenous over Ka to X . In particular, X is isogenous over Ka to a 
product of --dimensional abelian varieties. In addition, Q contains a 
subgroup of index r; 

(c) (i) The prime i = 2; 

(ii) there exist a positive integer r > 1 dividing g, fields L and F with 

K C K{Xif cLcF C K{Xi), [F : L] ^ r 
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and a --dimensional abelian variety Y over F such that End (Y) is 
a simple Q-algebra, the Q-algebra End (X) is isomorphic to the direct 
sum of r copies of End {Y) and the Weil restriction Yiesp/i^{Y) is 
isogenous over Ka to X. In particular, X is isogenous over Ka to a 
product of --dimensional abelian varieties. In addition, there exists a 
nonnegative integer j such that 2^ divides r and Q contains a subgroup 
of index ~ > 1. 

Proof. We will use notations of Remark 1 1.41 Let us put n = £ if £ is odd and n = A 
ii £ — 2. Replacing K by K{Xe)^ , we may and will assume that 

Ge,x,K = G- 
If £ is odd then let us put L = K and H := Gid{K{Xi)/K) = g = G&\{L{Xe)/L). 
li £ — 2 then we choose a subgroup H C Gi,x,K of smallest possible order such 
that T2,x(H) = G2,x,K = G and put L := K{Xi)^ C KiXi). It follows easily that 
L{Xi) ^ K{Xi) and'Gal(L(X2)/L) = Gal{K {X2) / K) , i.e., 

Ti- = G4,X,L, G2.X,L — G. 

The minimality property of 7i combined with Remark lLll implies that if iJ C Gi,x,L 
is a subgroup of index r > 1 then T2^x{H) has index ^ > 1 in G2.X.L for some 
nonnegative index j. 

In light of Lemma f 1.31 EndL(X) has no zero divisors. It follows from Remark 
ll.4r iv') that Gal(L) acts on X transitively. Let us put r = #(I). If r = 1 then 
X is a singleton and I — {s}, X = Xs, End°(X) = Ds,C = Cg. This means that 
assertion (a) of Theorem II. 51 holds true. 

Further we assume that r > 1. Let us choose t gT and put Y := Xt. If F := Ft 
is the subfield of Gal(L)t-invariants in the separable closure of K then it follows 
from Reniark ll.4r iv') that Ft/ L is a separable degree r extension, Y is defined over 
F and X is isogenous over La = Ka to Jiesp/i^^Y). 

Recall fRemark ll.4r iii')'l that ker(Kx) acts trivially onl. It follows that Gal(L(X„)) 
acts trivially on I. This implies that Gal(L(X„)) lies in Gal(_L)t. Recall that 
Gal(_L)t is an open subgroup of index r in Gal(L) and Gal(L(X„)) is a normal open 
subgroup in Gal(_L). It follows that H :— Gal(L)(/Gal(L(X„)) is a subgroup of 
index r in 

Gal(L)/Gal(L(X„)) = Gal(L(X„)/L) = Gn,x,L- 

If £ is odd then n — £ and Gn,x,L — Gg^x,L = G contains a subgroup of index r > 1. 
It follows from Remark ll. 41 that assertion (b) of Theorem 11.51 holds true. 

li £ = 2 then n = 4 and Gn,x,L = Gi,x.L contains a subgroup H of index r > 1. 
But in this case we know (see the very beginning of this proof) that G2,x,l — G 
and T2,x{H) has index ^^ > 1 in G2.x,l for some nonnegative integer j. It follows 
from R.emark 1 1 . 41 that assertion (c) of Theorem 11.51 holds true. D 

Before stating our next result, recall that a perfect finite group G with center 
2 is called quasi-simple if the quotient G /2 is a simple nonabelian group. Let 
H he a non-central normal subgroup in quasi-simple G. Then the image of H in 
simple G /2 is a non-trivial normal subgroup and therefore coincides with G/2. 
This means that G = 2H. Since G is perfect, G = [G, G] = [H, H] C H. It follows 
that G = U ■ In other words, every proper normal subgroup in a quasi-simple group 
is central. 
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Theorem 1.6. Suppose that £ is a prime, K is a field of characteristic different 
from L Suppose that X is an abelian variety of positive dimension g defined over 
K. Let us assume that Gi^x.K contains a subgroup Q that enjoys the following 
properties: 

(i) Endg(Xf)=F^; 

(ii) The group Q does not contain a subgroup of index 2. 
(iii) The only normal subgroup in Q of index dividing g is Q itself. 

Then one of the following two conditions (a) and (b) holds: 

(a) There exists a positive integer r > 2 such that: 

(aO) r divides g and X is isogenous over Ka to a product of --dimensional 

abelian varieties; 
(al) If £ is odd then Q contains a subgroup of index r; 
(a2) If £ — 2 then there exists a nonnegative integer j such that Q contains 

a subgroup of index ^ > 1 . 

(b) (bl) The center o/End {X) coincides with Q. In other words, End {X) is 

a matrix algebra either over Q or over a quaternion Q-algebra. 
(b2) // Q is perfect and End (X) is a matrix algebra over a quaternion 

Q-algebra H then H is unramified at every prime not dividing f^{Q). 
(b3) Let Z be the center of Q. Suppose that Q is quasi-simple, i.e. it is 

perfect and the quotient Q / Z is a simple group. If End {X) ^ Q then 

there exist a perfect finite (multiplicative) subgroup H C End {X)* and 

a surjective homomorphism II -^ Q j Z. 

Proof. Let C be the center of End''(X). Assume that C is not a field. Applying 
Theorem II .51 we conclude that the condition (a) holds. 

Assume now that C is a field. We need to prove (b). Let us define n and L as 
in the beginning of the proof of Theorem 1 1.51 We have 

g^Gi,x,L, EndG^^jX,)-F,. 

In addition, if ^ = 2 and H C G^^x.l is a subgroup of index r > 1 then T2.x{H) 
has index ^ > 1 in G2,x,l — Q for some nonnegative integer j. This implies that 
the only normal subgroup in Gn.x,L — G^^x.l of index dividing g is Gn.x,L itself. 
It is also clear that Gn,x,L does not contain a subgroup of index 2. It follows 
from Remark 11.11 that if Q is perfect then G^^x.l is also perfect and every prime 
dividing #(G4,x,l) must divide #(t/), because (thanks to a celebrated theorem of 
Feit-Thompson) #(^) must be even. (If £ is odd then n — £ and Gn,x,L = G-) 

It follows from Lemma [Ol that EndL(X) = Z and therefore EndL(X) ®Q = Q. 
Recall that EndL(X)®Q = End°(X)C^^i(^) and kx : Gal(i) -^ Aut(End°(X)) kills 
Gal{L{Xn)). This gives rise to the homomorphism 



tx,n 



Gn,x,L - Gal(L(X„)/i) = Gal(L)/Gal(i(X„)) ^ Aut(End°(X)) 



,X,L 



with Kx,n(G„,x,L) = Kx(Gal(i)) C Aut(End°(X)) and End°{X)^^-^ 
Clearly, the action of Gn,x,L on End {X) leaves invariant the center C and there- 
fore defines a homomorphism Gn,x.L -^ Aut(C) with C'^^.^.l _ q^ h follows that 
is a Galois extension and the corresponding map 

Gn,x,L ^ Aut(C) = Gal(C/Q) 
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is surjective. Recall that C is either a totally real number field of degree dividing g 
or a purely imaginary quadratic extension of a totally real number field C"*" where 
\C^ : Q] divides g . In the case of totally real C let us put C+ := C. Clearly, in both 
cases C"*" is the largest totally real subfield of C and therefore the action of Gn,x,L 
leaves C'^ stable, i.e. C+/Q is also a Galois extension. Let us put r := [C+ : Q]. It 
is known (211 p. 202] that r divides g. Clearly, the Galois group Gal(C+/Q) has 
order r and we have a surjective homomorphism (composition) 

Gn,x.L -» Gal(C/Q) ^ Gal(C+/Q) 

of Gn,x.L onto order r group Gal(C+/Q). Clearly, its kernel is a normal subgroup of 
index r in Gn,x.L ■ This contradicts our assumption if r > 1. Hence r — 1, i.e. C^ = 
Q. It follows that either C = Q or C is an imaginary quadratic field and Gal(C/Q) 
is a group of order 2. In the latter case we get the surjective homomorphism from 
Gn,x,L onto Ga.l{C/Q), whose kernel is a subgroup of order 2 in Gn,x,L, which does 
not exist. This proves that G — Q. It follows from Albert's classification |21l p. 
202] that End"(X) is either a matrix algebra Q or a matrix algebra Md(IHI) where 
EI is a quaternion Q-algebra. This proves assertion (bl) of Theorem II. 61 

Assume, in addition, that Q is perfect. Then, as we have already seen, Gn,x,L 
is also perfect. This implies that F := Kx,n{Gn,x,L) is a finite perfect subgroup of 
Aut(End°(Ar)) and every prime dividing #(r) must divide #{Gn,x,L) and therefore 
divides #(^). Clearly, 

Q = EndO(X)i^ (1). 

Assume that End°(A:) ^ Q. Then T ^ {1}. Since End°(A:) is a central simple Q- 
algebra, all its automorphisms are inner, i.e., Aut(End°(A')) = F,nd'^{X)* /Q*. Let 
A ^» r be the universal central extension of F. It is well-known 33, Ch. 2, §9] that 
A is a finite perfect group and the set of prime divisors of #(A) coincides with the 
set of prime divisors of #(F) . The universality property implies that the inclusion 
map F C End°(X)*/(!3* hfts (uniquely) to a homomorphism tt : A ^ End°(X)*. 
The equality (1) means that the centralizer of 7r(A) in End {X) coincides with Q 
and therefore ker(7r) does not coincide with A. It follows that the image Fq of ker(7r) 
in F does not coincide with the whole F. It also follows that if Q[A] is the group 
Q-algebra of A then tt induces the Q-algebra homomorphism tt : Q[A] -^ End (X) 
such that the centralizer of the image 7r(Q[A]) in End {X) coincides with Q. 

I claim that 7r(Q[A]) — End"(A') and therefore End''(X) is isomorphic to a 
direct summand of Q[A]. This claim follows easily from the next lemma that will 
be proven later in this section. 

Lemma 1.7. Let E be afield of characteristic zero, T a semisimple finite- dimensional 
E-algebra, S a finite- dimensional central simple E-algebra, (3 :T ^ S an E-algehra 
homomorphism that sends 1 to 1. Suppose that the centralizer of the image P{T) 
in S coincides with the center E. Then (3 is surjective, i. e. f3{T) — S. 

In order to prove (b2), let us assume that End (X) = Md{M) where H is a 
quaternion Q-algebra. Then Md(H) is isomorphic to a direct summand of Q[A]. 
On the other hand, it is well-known that if q is a prime not dividing #(A) then 
Qg[A] = Q[A] (gjQ <Qg is a direct sum of matrix algebras over (commutative) fields. 
It follows that M(;(]H[) ®q Q^ also splits. This proves the assertion (b2). 

In order to prove (b3), let us assume that ^ is a quasi-simple finite group with 
center Z. Let us put n := 7r(A) C End°(X)*. We are going to construct a surjective 
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homomorphism 11 -* Q j Z. In order to do that, it suffices to construct a surjective 
homoniorphism F ^> Q j Z. Recall that there are surjective homomorphisms 

T '■ Gn,X,L -^ Gl^xX = G, KX,n '■ Gn,X,L ^^ T. 

(If I is odd then r is the identity map; if i' = 2 then t = T2^x) Let iJo be the 
kernel of Kx,n '■ Gn.x,L ~*> T- Clearly, 

Gn,x^L/Ho = r (2). 

Since F ^ {!}, we have Hq ^ Gn,x,L- It follows that t{Ho) ^ Q. The surjectivity 
of T : Gn.x,L -^ G implies that t(Hq) is normal in G and therefore lies in the center 
Z. This gives us the surjective homomorphisms 

Gn^x,L/Ho -» r(G„,x,L)/T(i/o) = G/t{Ho) -» G/Z, 

whose composition is a surjective homomorphism Gh.x.l/Hq -» G/Z. Using (2), 
we get the desired surjective homoniorphism F -» G/Z. D 

Proof of Lemma \l.T\ Replacing E by its algebraic closure Ea and tensoring T and 
S hy Ea, we may and will assume that E is algebraically closed. Then S — M„(_E) 
for some positive integer n. Clearly, f3(T) is a direct sum of say, b matrix algebras 
over E and the center of /3{T) is isomorphic to a direct sum of b copies of E. In 
particular, if 6 > 1 then the centralizer of f3(T) in S contains the 6-dimensional 
center of /3(r) which gives us the contradiction. So, b = 1 and /3(r) ^ Mk{E) for 
some positive integer k. Clearly, fc < n; if the equality holds then we are done. 
Assume that k < n: we need to get a contradiction. So, we have 

1 e ^ C (3{T) ^ MkiE) ^ MniE) - S. 

This provides E" with a structure of faithful /3(r)-module in such a way that £'" 
does not contain a non-zero submodule with trivial (zero) action of (3{T). Since 
(i{T) = Mk{E), the /3(T)-module i?" splits into a direct sum of say, e copies of 
a simple faithful /3(T)-module W with dimE{W) — k. Clearly, e — n/k > 1. It 
follows easily that the centralizer of /3{T) in S* = Mn{E) coincides with 

End0(T)(VF^) = Me(End^(T)(M^)) = M.^E) 
and has £'-dimension e^ > 1. Contradiction. D 

Corollary 1.8. Suppose that £ is a prime, K is a field of characteristic different 
froml. Suppose that X is an abelian variety of positive dimension g defined over K . 
Let us assume that Ge,x,K contains a perfect subgroup G that enjoys the following 
properties: 

(a) Endg{Xi)^¥i; 

(b) The only subgroup of index dividing g in G is G itself. 

If g is odd then either End {X) is a matrix algebra over Q or p ~ char(iir) > 
and End (X) is a matrix algebra Md{M.p) over a quaternion Q-algebra Mp that is 
ramified exactly at p and cx) and d > 1. In particular, i/char(ii') does not divide 
ff^{G) then End {X) is a matrix algebra over Q. 

Proof of Corollarv \1.8l Let us assume that End (X) is not isomorphic to a ma- 
trix algebra over Q. Then End (X) is (isomorphic to) a matrix algebra M(i(]ElI) 
over a quaternion Q-algebra H. This means that there exists an absolutely sim- 
ple abelian variety Y over Ka such that X is isogenous to Y^ and End"(y) = H. 
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Clearly, dim(y) is odd. It follows from Albert's classification |^ p. 202] that 
p :— c\\&x{Ka) = char(/'ir) > 0. By Lemma 4.3 of [2^1 j if there exists a prime q^ p 
such that H is unramified at q then 4 = dim^H divides 2dim(F). Since dim(F) 
is odd, 2dim(y) is not divisible by 4 and therefore H is unramified at all primes 
different from p. It follows from the theorem of Hasse-Brauer-Noether that H = Hp. 
Now, assume that d = 1, i.e. End°(X) = Hp. We know that End"(X)* = H^ 
contains a nontrivial finite perfect group 11. But this contradicts to the following 
elementary statement, whose proof will be given later in this section. 

Lemma 1.9. Every finite subgroup in H* is solvable. 

Hence End°(X) ^ Hp, i.e. d > 1. 

Assume now that p docs not divide i^{G)- It follows from Theorem II . 61 that H 
is unramified at p. This implies that H can be ramified only at cx3 which could not 
be the case. The obtained contradiction proves that End (X) is a matrix algebra 
over Q. D 

Proof of Lemma\r^ If P 7^ 2 then H^ C (Hp ®q Q2)* = GL(2, Q2) and if p = 2 
then mi C (H2 (g)Q Q3)* = GL(2,Q3). Since every finite subgroup in GL(2,Q2) 
(resp. GL(2,Q3)) is conjugate to a finite subgroup in GL(2,Z2) (resp. GL(2,Z3)), 
it suffices to check that every finite subgroup in GL(2, Z2) and GL(2, Z3) is solvable. 

Recall that both GL(2,F2) and GL(2,F3) are solvable and use the Minkowski- 
Serre lemma (J2H1 PP- 124-125]; see also |S2j)- This lemma asserts, in particu- 
lar, that if q is an odd prime then the kernel of the reduction map GL(n,Zq) — > 
GL(n,Fg) does not contain nontrivial elements of finite order and that all periodic 
elements in the kernel of the reduction map GL(n,Z2) -^ GL(n,F2) have order 1 
or 2. 

Indeed, every finite subgroup 11 C GL(2,Z3) maps injectively in GL(2,F3) and 
therefore is solvable. If 11 C GL(2, Z2) is a finite subgroup then the kernel of the 
reduction map 11 -^ GL(2,F2) consists of elements of order 1 or 2 and therefore 
is an elementary commutative 2-group. Since the image of the reduction map is 
solvable, we conclude that 11 is solvable. D 

Corollary 1.10. Suppose that i is a prime, K is a field of characteristic different 
from £. Suppose that X is an abelian variety of dimension g defined over K . Let us 
put g' = max(2,5). Let us assume that Gi^x,K contains a perfect subgroup Q that 
enjoys the following properties: 

(a) Endg(X^)=F^- 

(b) The only subgroup of index dividing g in Q is Q itself. 

(c) // Z is the center of Q then Q / Z is a simple nonabelian group. 

Suppose that End {X) = Mrf((Q) with d > 1. Then there exist a perfect finite 
subgroup 11 C GL(d, Z) and a surjective homomorphism 11 -» G/Z. 

Proof of Corollaru TTM Clearly, End°(X)* == GL(n,Q). One has only to recaU 
that every finite subgroup in GL(n, Q) is conjugate to a finite subgroup in GL(n, Z) 
PSI p. 124] and apply Theorem [TSIiu). D 

2. HOMOMORPHISMS OF ABELIAN VARIETIES 

Theorem 2.1. Let I be a prime, K a field of characteristic different from i, X 
and Y abelian varieties of positive dimension defined over K . Suppose that the 
following conditions hold: 
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(i) The extensions K{Xi) and KiYi) are linearly disjoint over K . 

(ii) End^,^^^^(X,)=F,. 

(iii) The centralizer of Ge.Y,K JJ^ Endp, (Xf) is afield. 

Then either }ioia{X,Y) = 0,}iom{Y, X) = or char(iir) > and both abelian 
varieties X and Y are super singular. 

Remark 2.2. Theorem 12.11 was proven in ^S] under an addititional assumption 
that the Galois modules Xi and Y^ are simple. 

In order to prove Theorem l2.1l we need first to discuss the notion of Tate module. 
Recall 123 EHI EHI that this is a Z^-module Ti{X) defined as the projective limit 
of Galois modules Xgrn. It is well-known that Ti{X) is a free Z^-module of rank 
2dim(X) provided with the continuous action 

Pi,x-G&\{K)^AvA^,{Tt{X)). 

There is the natural isomorphism of Galois modules 

Xt=T,{X)/m{X) (3), 

so one may view fji^x as the reduction of pt,x modulo L Let us put 

Vi{X) = T,{X) ®z, Q,; 

it is a 2dim(X)-dimensional Q^- vector space. The group Ti{X) is naturally identi- 
fied with the Zf-lattice in Vi{X) and the inclusion K\iti^{Ti{X)) C A^xiq^{Vi{X)) 
allows us to view Vt{X) as representation of Gal(iir) over Q^. Let Y be (may be, 
another) abelian variety of positive dimension defined over K. Recall |^ §19] 
that Hom(X, Y) is a free commutative group of finite rank. Since X and Y are 
defined over K , one may associate with every u G Hom(X, Y) and a £ Gal(i^) an 
endomorphism °'u e Hom(X, Y) such that 

"uix) = auia-'^x) Vx G X{Ka) 

and we get the group homomorphism 

Kxx ■ Gal{K) -> Aut(Hom(X, Y)); Kx,y (cr)(M) = "u Vcr e G£d{K),u e Hom(X, Y), 

which provides the finite-dimensional Q^-vector space Hom(X, Y) (g) Q^ with the 
natural structure of Galois module. 

There is a natural structure of Galois module on the Qf-vector space lio-mQ^{Vi{X), Vi{Y)) 
induced by the Galois actions on Vi{X) and Vg{Y). On the other hand, there is a 
natural embedding of Galois modules 21, §19], 

Hom(X, r) (» Q, C HomQ,(l/,(X), ViiY)), 

whose image must be a Gal(iir)-invariant Q^-vector subspace. It is also clear that 
Ilomzi{Ti{X),Ti(Y)) is a Galois-invariant Z^-lattice in HomQ,(Vf(X), Vi{Y)). The 
equality (3) gives rise to a natural isomorphism of Galois modules 

Homz,(T,(X),T,(y)) ®z, Z^/fflf = HomF,(X,,r^) (4). 

Proof of Theorem \2.1\ Let K{Xg,Yt) be the compositum of the fields K{Xi) and 
K{Y(). The linear disjointness of K{Xf) and KiYg) means that 

G&\{K{Xi,Yi)/K) = G&\{K{Yi)/K) x Ge.\{K{Xi)/ K). 
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Let XI = HomF,(X£,F£) be the dual of Xi and p1^x,k ■ Gai\{K) -^ Aut(X;) the 
dual of Pn,x.K- One may easily check that ker(/j* x k) ~ kCTlPn.x.-ftr) ^^^d therefore 
we have an isomorphism of the images 

Glx,K ■■= p;x,K(Gal(X)) = p„,x,K(Gal(A'))) = G,,x,k. 

One may also easily check that the centralizer of Gal(i4r) in Endp^ i^i) still coincides 
with Ff. It follows that if Ai is the F^-subalgebra in Endp, {X'^) generated by G| j^ ^ 
then its centralizer in YiTiAf ^{X'^) coincides with F^. Let us consider the Galois 
module Wi — Y{oTi\f^{X^,Y() = X^ (g)^^ 1^ and denote by r the homomorphism 
Gal(A') -^ Aut(W^i) that defines the Galois module structure on Wi. One may 
easily check that r factors through Ga\-{K{Xi^ Y()/K) and the image of r coincides 
with the image of 

Gl,x.K X Gi^x,Y C Aut(x;) X Aut(Y£) -^ Aut(A; ®r, Ye) = Aut(W^i). 

Let A2 be the F^-subalgebra in EndF^(l£) generated by Ge^Y,K- Recall that the 
centralizer of Gal{K) in Endr^{Yi) is a field, say F. Clearly, the centralizer of 
A2 in Findr^iYi) coincides with F. One may easily check that the subalgebra of 
EndFj,(VKi) generated by the image of Gal(iir) coincides with 

Ai ®F, A2 C EndF,(X;) ®F, EndF,(ye) = EndF(^£* 0f, Ye) = EndF,(W^i). 

It follows from Lemma (10.37) on p. 252 of that the centralizer of Ai iS)Wi A2 in 
Endi?(Ar^ (g)Ff Ye) coincides with F^ ^r^ F = F. This implies that the centralizer of 
Gal(A:) in EndF(X; Of, Ye) = EndF,(Vi) is the field F. 

Let us consider the Q^-vector space Vi = 'HoitnQ^{Ve{X) ,Ve(Y)) and the free Z^- 
module Ti = Romz i{Te{X),Te{Y)) provided with the natural structure of Galois 
modules. Clearly, Ti is a Galois-stable Z^-lattice in Vi. By (4), there is a natural 
isomorphism of Galois modules Wi = Ti/£Ti. Let us denote by Di the centralizer 
of Gal(iir) in EndQ, (Vi). Clearly, Di is a finite-dimensional Qf-algebra. Therefore 
in order to prove that Di is a division algebra, it suffices to check that Di has no 
zero divisors. 

Suppose that Di has zero divisors, i.e. there are non-zero u, w G Di with uv = 0. 
We have u,v C Di C EndQ, (Vi). Multiplying u and v by proper powers of £, we 
may and will assume that u{Ti) C Ti,v{Ti) C Ti but u{Ti) is not contained in 
£Ti and v{Ti) is not contained in £Ti. This means that u and v induce non-zero 
endomorphisms u,v £ End(Wi) that commute with Gal(ii') and uv = 0. Since 
both u and v are non-zero elements of the field F, we get a contradiction that 
proves that Di has no zero divisors and therefore is a division algebra. 

End of the proof of Theorem 12.11 We may and will assume that K is finitely 
generated over its prime subfield (replacing K by its suitable subfield). Then the 
conjecture of Tate [S^ (proven by the author in characteristic > 2 [3H1|2Z|, Fallings 
in characteristic zero |51|H] and Mori in characteristic 2 ^Tj) asserts that the natural 
representation of Gal(i^) in Ve (Z) is completely reducible for any abelian variety Z 
over K. In particular, the natural representations of Ga\{K) in Ve{X) and Ve{Y) 
are completely reducible. It follows easily that the dual Galois representation in 
}iomqg{Ve{X),Qe) is also completely reducible. Since Qe has characteristic zero, it 
follows from a theorem of Chevalley [3 p. 88] that the Galois representation in the 
tensor product HomQ^(V^(Ar), Q£)(g)Q, V£(F) = }iomQ^{Ve{X) ,Ve{Y)) =: Vi is com- 
pletely reducible. The complete reducibility implies easily that Vi is an irreducible 
Galois representation, because the centralizer is a division algebra. Recall that 
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Honi(X, Y)(^Qi is a Galois-invariant subspace in }IoniQi{Ve{X) ,Ve{Y)) = V\. The 
irreducibility of V\ implies that either Hom(X, F)(g)Q^ = or Hom(X, Y)®'^t = V\. 

If Hom(X, F) (^ Q^ = then Hom(X, F) = and therefore Hom(y, X) = 0. 

If Hom(X, F)i8)Q^ = Vl then the rank of the free commutative group IIom(X,y) 
coincides with the dimension of the Q^ -vector space V\ . Clearly, V\ has dimension 
4dim(X)dim(y). It is proven in Proposition 3.3 of 45 that if A and B are abelian 
varieties over an algebraically closed field K, and the rank of IIom(A, B) equals 
4dim(yl)dim(i?) then char(/C) > and both A and B are supersingular abelian 
varieties. Applying this result to X and F, we conclude that char(ii') = char(ifa) > 
and both X and Y are supersingular abelian varieties. D 

3. Hyperelliptic jacobians 

In this section we deal with the case of ^ = 2. Suppose that char(iir) ^ 2. Let 
j{x) S K\x\ be a polynomial of degree n > 3 without multiple roots. Let *H/ C Ka 
be the set of roots of /. Clearly, $H/ consists of n elements. Let Ki^f) C K^ be the 
splitting field of /. Clearly, K{y{f)/K is a Galois extension and we write Gal(/) for 
its Galois group Gal{K{D\f)/K). By definition, Ga\{K (Dlf) / K) permutes elements 
of 9^/; further we identify Gal(/) with the corresponding subgroup of Perm(9^/) 
where Perm(9^^) is the group of permutations of 91/. 

We write F2 for the n-dimensional F2-vector space of maps h : D\f -^ ¥2- The 
space F2 ^ is provided with a natural action of Perm(£H/) defined as follows. Each 
s € Perm(fH/) sends a map h : y\f —> F2 to s/i : a i—> h{s~^{a)). The permutation 
module F2 ^ contains the Perm(£H/)-stable hyperplane 



aem 



f 



and the Pcrm(SHj)-invariant line F2 • 1<r, where Ig^, is the constant function 1. 
Clearly, (F2 ^)'^ contains F2 • 1^^. if and only if n is even. 

If n is even then let us define the Gal(/)-module QfR^ :— (Fj ^)*'/(F2-lfH/)- If ".is 
odd then let us put QfR^ := (Fj ^)°. If n ^ 4 the natural representation of Gal(/) is 
faithful, because in this case the natural homomorphism Perm(£H/) — > Antw^{Qr^.) 
is injective. 

Remark 3.1. It is known |15l Satz 4], that EndGai(/)(Q«R/) — F2 if either n is odd 
and Gal(/) acts doubly transitively on fH/ or n is even and Gal(/) acts 3-transitively 
on$K/. 

The canonical surjection Gal(/'ir) ^> Ga\{K{d\f)/K) = Gal(/) provides Qwj, with 
a natural structure of Gal(i^)-niodule. Let Cf be the hyperelliptic curve y^ = f{x) 
and J{Cf) its jacobian. It is well-known that J{Cf) is a [2^] -dimensional abelian 
variety defined over K. It is also well-known that the Gal(i^)-modules J(C/)2 and 
Qffif are isomorphic (see for instance ^25:, ,27., 4t2_ ) . It follows that if n 7^ 4 then 

Gal(/) = G2,j(c,). 

It follows from Remark l3.1l that if either n is odd and Gal(/) acts doubly transitively 
on £Hj or n is even and Gal(/) acts 3-transitively on £H/ then 

Endc5,,<,^,(^(C/)2))=F2. 
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It is also clear that K{J{Cf)2)) C K{d\f). (The cquahty holds if n 7^ 4.) 

The next assertion follows immediately from Theorem 11.61 Corollaries 11.81 and 
[TTTTI fapphed to X = J{Cf),£ = 2,g = Gal(/)). 

Theorem 3.2. Let K be a field of characteristic different from 2, let n > 5 be an 
integer, g — l-^^^] and f{x) £ K[x] a polynomial of degree n. Suppose that either 
n is odd and Gal(/) acts doubly transitively on 9^^ or n is even and Gal(/) acts 
3-transitively on fHj. Assume also that Gal(/) is a simple nonabelian group that 
does not contain a subgroup of index dividing g except Gal(/) itself. If g is odd then 
End {J{Cf)) enjoys one of the following properties: 

(i) End [J{Cf)) is isomorphic to the matrix algebra Md(Q) where d divides g. 

If d > 1 there exist a finite perfect group 11 C Gh{d, Z) and a surjective ho- 

momorphism 11 -» Gal(/) such that every prime dividing #(n) also divides 

#(Gal(/)). 
(ii) p :— char(iir) is a prime dividing ^(Gal(/)) andEnd {J{Cf)) is isomorphic 

to the matrix algebra M^i^p) where d > 1 divides g. 

Example 3.3. Suppose that n — 5 and Gal(/) is the alternating group A5 acting 
doubly transitively on *Hj. Clearly, g — 2 and Gal(/) is a simple nonabelian 
group without subgroups of index 2. Applying Theorem 13.21 we conclude that 
End°(J(C/)) is either Q or M2(Q) or M2(H) where IH is a quaternion Q-algebra 
unramified outside {00, 2, 3, 5}; in addition M = Mp ii p := char(i^) > 0. Suppose 
that End(J(C/)) ^ Z and therefore End°(J(C/)) ^ Q. If End°(J(C/)) = MaCQ) 
then GL(2,Q) = M2(Q)* contains a finite group, whose order divides 5, which is 
not the case. This implies that End°(J(C/)) = M2(IHI). This means that JiCf) is 
supersingular and therefore p := chaT{K) > 0. This implies that p = S ov p — 5. 

We conclude that either End( J(C/)) = Z or cha,r{K) S {3,5} and J{Cf) is a 
supersingular abelian varietiy. In fact, it is known |47| that if char(ii') = 5 then 
End(J(C/)) = Z. On the other hand, one may find a supersingular J{Cf) in 
characteristic 3 |T7] . 

Example 13 .31 is a special case of the following general result proven by the author 
[3^1 EH EI- Suppose that n> 5 and Gal(/) is the alternating group A„ acting on 
9{f. If char(i^) = 3 we assume additionally that n>7. Then End(J(C/)) = Z. 

We refer the reader to [THIIinillll El 1111131231111113 1131111111 for a discussion 
of other known results about, and examples of, hyperelliptic jacobians without 
complex multiplication. 

Corollary 3.4. Suppose that n^7 and Gal(/) = SL3(F2) = PSL2(F7) acts doubly 
transitively on d\f. Then End {J{Cf)) = Q and therefore End( J(C/)) = Z. 

Proof. We have g — dim(J(C/)) = 3. Since PSL2(F7) is a simple nonabelian 
group it does not contain a subgroup of index 3. So, we may apply Theorem 
E21 We obtain that if End°(J(C/)) ^ Q then either End°(J(C/)) = M3(Q) and 
there exist a finite perfect group II C GL(3, Z) and a surjective homomorphism 
n -^ Gal(/) = PSL2(F7) or End''( J(C/)) = M3(Hp) where p = char(X) is either 3 
or 7. The case of End {J{Cf)) — M3(IHIp) means that J{Cf) is supersingular, which 
is not true 47, Th. 3.1]. Hence End°(J(C/)) = M3(Q) and GL(3,Z) contains a 
finite group, whose order is divisible by 7. It follows that GL(3,Z) contains an 
element of order 7, which is not true. The obtained contradiction proves that 
End°(J(C/)) = Q and therefore End(J(C/)) = Z. D 
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Corollary 3.5. Suppose that n ~ 11 and Gal(/) = PSL2(Fii) acts doubly transi- 
tively on %. Then End°(J(C/)) = Q and therefore End(J(C/)) = Z. 

Proof. We have g = dim(J(C/)) = 5. It is known 1 that PSL2(Fii) is a simple 
nonabelian subgroup not containing a subgroup of index 5. So, wc may apply The- 
oremO We obtain that if End°(J(C/)) ^ Q then either End°(J(C/)) = M5(Q) 
and there exist a finite perfect group 11 C GL(5, Z) and a surjective homomorphism 
n -^ Gal(/) = PSL2(Fii) or End°(J(C/)) = M5(Hp) where p = char(if) is either 

3 or 5 or 11. 

Assume that End°( J(C/)) = M5(Q). Then GL(5,Z) contains a finite group, 
whose order is divisible by 11. It follows that GL(5, Z) contains an element of order 
11, which is not true. Hence End''(J(C/)) ^ Mg^Q). 

Assume that End'^ (J(C/)) — M5(]HIp) where p is either 3 or 5 or 11. This implies 
that J{C f) is a supersingular abelian variety. 

Notice that every homomorphism from simple PSL2(Fii) to GL(4, F2) is trivial, 
because 11 divides #(PSL2(Fii)) but #(GL(4,F2)) is not divisible by 11. Since 

4 = 5 — 1, it follows from Theorem 3.3 of 'ITj (applied to g — b^X = J{Cf), G = 
Gal(/) = PSL2(Fii)) that there exists a central extension tti : Gi — > PSL2(Fii) 
such that Gi is perfect, ker(7ri) is a cyclic group of order 1 or 2 and M5(Hp) 
is a direct summand of the group Q-algebra Q[Gi]. It follows easily that Gi = 
PSL2(Fii) or SL2(Fii). It is known [El El that Q[PSL2(Fii)] is a direct sum of 
matrix algebras over fields. Hence Gi = SL2(Fii) and the direct summand M5(]H[p) 
corresponds to a faithful ordinary irreducible character x of SL2(Fii) with degree 
10 and Q(x) = Q. This implies that in notations of 4', §38], x = Qj where j is an 
odd integer such that 1 < j < -'^^ — 5 and either 6j is divisible byll + l = 12or 
4j is divisible by 12 ( 9 , Th. 6.2 on p. 285). This implies that j = 3 and x = 6*3. 
However, the direct summand attached to 6*3 is ramified at 2 f lOt the case (c) on 
p. 4]; 9, theorem 6.1(iii) on p. 284]). Since p 7^ 2, we get a contradiction which 
proves that J{Cf) is not supersingular. This implies that End {J{Cf)) = Q and 
therefore End(J(G/)) = Z. D 

Corollary 3.6. Suppose that n = 12 and Gal(/) is the Mathieu group M12 acting 
S-transitively on U\f. Then End( J(G/)) — TL. 

Proof. Let a be a root of f{x) and Ki = K{a). Clearly, the stabilizer of a in 
Gal(/) = M12 is PSL2(Fii) acting doubly transitively on the roots of fi{x) = 
^ e Ki[x]. Let us put h{x) = fiix + a) e Ki[x],h{x) = x^^h{l/x) G Ki[x]. 
Clearly, deg(/ii) = 11 and Gal(/ii) = PSL2(Fii) acts doubly transitively on the 
roots of hi. By Corollarv l3.5l Find(J{Chi)) — ^- O^ t^'^ other hand, the standard 
substitution xi = l/{x — a),yi — y/{x — a)^ establishes a birational isomorphism 
between G/ and G/^ : yf — hi{xi). This implies that J{Cf) = J {Chi) ^^'^ therefore 
End(J(G/)) = Z. a 

In characteristic zero the assertions of Corollaries 13.41 13.51 and 13. 61 were earlier 
proven in gZ| 001 . 

Corollary 3.7. Suppose that deg(/) — n where n — 22, 23 or 24 and Gal(/) is the 
corresponding (at least) 3-transitive Mathieu group M„ C Perm([Hj) ^ S„. Then 
End(J(G/)) = Z. 

Proof. First, assume that n = 23 or 24. We have g — dim(J(G/)) = 11. It is 
known that both M23 and M24 do not contain a subgroup of index 11 pp. So, we 
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may apply Theorem E21 and obtain that if End( J(C/) 7^ Z then End°( J(C/)) 7^ Q 
and one of the foUowing conditions holds: 

(i) End°(J(C/)) = Mii(Q) and there exist a finite perfect group H C GL(11, Z) 

and a surjective homoniorphism 11 -» Gal(/) — M„; 
(ii) p = char(K) e {3,5,7, 11, 23} and End"( J(C/)) = Mii(Hp). 

Assume that the condition (i) holds. Then End°(J(C/)) = Mii(Q) and GL(11, Z) 
contains a finite group, whose order is divisible by 23. It follows that GL(11,Z) 
contains an element of order 23, which is not true. The obtained contradiction 
proves that the condition (i) is not fulfilled. 

Hence the condition (ii) holds. Then p = cha.i-{K) E {3,5,7,11,23} and there 
exist a finite perfect subgroup II C End°(J(C/))* = GL(ll,Hp) and a surjective 
homomorphism tt : II — » M„. Replacing II by a suitable subgroup, we may and 
will assume that no proper subgroup of II maps onto M„. By tensoring Hp to the 
field of complex numbers (over Q) , we obtain an embedding 

nc GL(ll,Hp) c GL(22,C). 

In particular, the (perfect) group II admits a non-trivial projective 22-dimensional 
representation over C Recall that M„ has Schur's multiplier 1 (since n = 23 or 
24) ^ and therefore all its projective representations are (obtained from) linear 
representations. Also, all nontrivial linear representations of M24 have dimension 
> 23, because the smallest dimension of a nontrivial linear representation of M24 
is 23. It follows from results of Feit-Tits |H] that II cannot have a non-trivial 
projective representation of dimension < 23. This implies that n 7^ 24, i.e. n = 23. 
Recall that 22 is the smallest possible dimension of a nontrivial representation 
of M23 in characteristic zero, because its every irreducible representation in char- 
acteristic zero has dimension > 22 ^. It follows from a theorem of Feit-Tits (jHI, 
pp. 1 and §4; see also 23|) that the projective representation 

n -> GL(11, Hp)/Q* c GL(22, C)/C* 

factors through ker(7r). This means that ker(7r) lies in Q* and therefore II is a central 
extension of M23. Now the perfectness of II implies that it is an isomorphism, i.e. 
n^M23. 

Let us consider the natural homomorphism Q[M23] = Q[n] -^ Mii(]HIj,) in- 
duced by the inclusion II C Mii{Mp)* . It is surjective, because otherwise one may 
construct a (complex) nontrivial representation of M23 of dimension < 22. This 
implies that Mii(]HIp) is isomorphic to a direct summand of (Q[M23]. But this is 
not true, since Schur indices of all irreducible representations of M23 are equal 
to 1 m §7] and therefore Q[]V[23] splits into a direct sum of matrix algebras over 
fields. The obtained contradiction proves that the condition (ii) is not fulfilled. So, 
End(J(C/)) = Z. 

Now let n = 22. Then g = 10. It is known that M22 is a simple nonabelian group 
not containing a subgroup of index 10 Pp. Let us assume that End°(J(C/)) 7^ Q. 
Applying Theorem II. 61 we conclude that there exists a positive integer d dividing 
10 such that either d > 1 and End°(J(C/)) = Md(Q) or End"(J(C/)) = Mrf(H) 
where EI is a quaternion Q-algebra unramified outside 00 and the prime divisors of 
#(M22). In addition, there exist a finite perfect subgroup II C End {J{Cf))* and 
a surjective homomorphism tt : II ^> M22. Replacing II by a suitable subgroup, we 
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may and will assume (without losing the perfectness) that no proper subgroup of 
n maps onto M„. 

By Lemma 3.13 on pp. 200-201 of @31i every homomorphism from 11 to PSL(10, M.] 
is trivial. The perfectness of 11 implies that every homomorphism from 11 to 
PGL(10,M) is trivial. Since Md(Q)* = Gh{d,Q) C GL(10,R), we conclude that 
End"(J(C/)) ^ Mrf(Q) and therefore End°(J(C/)) = Md(H). 

If d = 10 then p := char(A') > and J{Cf) is a supersingular abelian variety. 

Assume that d ^ 10, i.e. d = 1, 2 or 5. If iJ is unramified at oo then there exists 
an embedding H ^^ M2(M). This gives us the embeddings 

n c Md(H)* ^ M2d(M)* = GL(2d,R) c GL(10,M) 

and therefore there is a nontrivial homomorphism from 11 to PGL(10,R). The 
obtained contradiction proves that H is ramified at cxd. 

There exists an embedding H ^ M4(Q) C M4(M). This imphes that if rf = 1 or 
2 then there are embeddings 

n c Md(H)* ^ M4d(M)* = GL(4d,M) c GL(10,M) 

and therefore there is a nontrivial homomorphism from 11 to PGL(10,M). The ob- 
tained contradiction proves that d = 5. This means that there exists an abelian 
surface Y over Ka such that J{Cf) is isogenous to Y^ and End (Y) = H. How- 
ever, there do not exist abelian surfaces, whose endomorphism algebra is a definite 
quaternion algebra over Q. This result is well-known in characteristic zero (see, for 
instance |21]); the positive characteristic case was done by Oort |23[ Lemma 4.5 
on p. 490]. Hence d j^ 5. This implies that d = 10 and J{Cf) is a supersingular 
abelian variety. 

Since M22 is a simple group and 11 | #(M22), every homomorphism from M22 
to GL(9,F2) is trivial, because #(GL(9,F2)) is not divisible by 11. Since 9 = g — 1, 
it follows from Theorem 3.3 of |^ (applied to g = 10,X = J{Cf),G = Gal(/) = 
M22) that there exists a central extension tti : Gi ^ M22 such that Gi is perfect, 
ker(7ri) is a cyclic group of order 1 or 2 and there exists a faithful 20-dimensional 
absolutely irreducible representation of Gi in characteristic zero. However, such 
a central extension with 20-dimcnsional irreducible representation does not exist 
p. D 

Combining Corollarv l3 . 71 with previous author's results |40[I42| concerning small 
Mathieu groups, we obtain the following statement. 

Theorem 3.8. Suppose that n e {11, 12, 22, 23, 24} and Gal(/) is the corresponding 
Mathieu group M„ C Pcrm(%) ^ S„. Then End(J(C/)) = Z. 

In characteristic zero the assertion of Theorem 13.81 was earlier proven in j4()l I43j . 

Theorem 3.9. Suppose that n — \b and Gal(/) is the alternating group A7 acting 
doubly transitively on [H/. Then either End(J(G/)) —TL or J{C'f) is isogenous over 
Ka to a product of elliptic curves. 

Proof. We have g — 7. Unfortunately, A7 has a subgroup of index 7. However, A7 
is simple nonabelian and does not have a normal subgroup of index 7. Applying 
Theorem [TKl to X = J{Cf),g = 7,£ = 2,0 ^ Gal(/) = A7, we obtain that either 
J{Cf) is isogenous to a product of elliptic curves (case (a)) or End°(J(C/)) is a 
central simple Q-algebra (case (b)). If End" (J(G/)) is a matrix algebra over Q 
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then either End°(J(C/)) = Q (i.e., End(J(C/)) = Z) or End°(J(C/)) = MtCQ) 
(i.e., J{Cf) is isogenous to the 7th power of an elhptic curve without complex 
niultiphcation) . 

If the central simple Q-algebra End° (J(C/)) is not a matrix algebra over Q 
then there exists a quaternion Q-algebra H such that either End {J{Cf)) = H or 
End°(J(C/)) = M7(H). If End°(J(C/)) = M7(H) then J{Cf) is a supersingular 
abelian variety and therefore is isogenous to a product of elliptic curves. 

Let us assume that End''(J(C/)) = H. We need to arrive to a contradiction. 
Since 7 = dim(J(C/)) is odd, p = char(i^) > 0. The same arguments as in the 
proof of CoroUarv ll.Sl tell us that H = Hp. By Theorem ll.6r b3). there exist a perfect 
finite group 11 C End"(J(C/))* — H* and a surjective homomorphism 11 ^> A7. 
But Lemma Fl .91 asserts that every finite subgroup in H* is solvable. The obtained 
contradiction proves that End°(J(C/)) 7^ Hp. D 

Theorem 3.10. Suppose that n = q + 1 where q > 5 is a prime power that is 
congruent to ±3 modulo 8. Suppose that Gal(/) = PSL2(Fg) acts doubly transitively 
on d\f (where 9^/ is identified with the projective line F^{¥q)). Then End {J{Cf)) 
is a simple Q-algebra, i.e. J{Cf) is either absolutely simple or isogenous to a power 
of an absolutely simple abelian variety. 

Proof. Since n — q + 1 is even, g = ^^. It is known [201 that the Gal(/) = 
PSL2(Fg)-module QsR/ is simple and the centralizer of PSL2(Fg) in EndF2((35Ry) is 
the field F4. On the other hand, PSL2(Fq) is a simple nonabehan group: we need to 
inspect its subgroups. The following statement will be proven later in this section. 

Lemma 3.11. Let q > b be a power of an odd prime. Then PSL2(Fq) does not 
contain a subgroup of index dividing ^^ except PSL2(Fq) itself. 

Recall that G2.j(Cj) = Gal(/) = PSL2(Fg). Now Theorem IXTUI follows readily 
from Theorem 11.51 combined with Lemma [3. Ill D 

Proof of Lemma \S.ll\ Since PSL2(Fq) is a simple nonabelian subgroup, it does not 
contain a subgroup of index < 4 except PSL2(Fg) itself. This implies that in the 
course of the proof we may assume that ^^ > 5, i.e., q > 11. 

Recall that #(PSL2(F,)) = {q + l)q{q-l)/2. Let H ^ PSL2(F,) be a subgroup 
in PSL2(F,). The list of subgroups in PSL2(Fq) given in JSj theorem 6.25 on p. 
412] tells us that #(iJ) divides either q±l oi q{q- l)/2 or 60 or (6 + l)h{h - 1) 
where b < q is a, positive integer such that q is an integral power of b. This implies 
that if the index of iJ is a divisor of ^^ then either 

(1) {q + l)q divides 60 

or 

(2) fa+l)f -1) < £^(^+1)^(^-1) = ^(g- l)Vg. 

In the case (1) we have q = 5 which contradicts our assumption that q > II. So, 
the case (2) holds. Clearly, {q + l)y/q < (g — 1) which is obviously not true. D 

Theorem 3.12. Let K be a field of characteristic different from 2. Suppose that 
f{x) and h{x) are polynomials in K[x] enjoying the following properties: 

(i) deg(/) > 3 and the Galois group Gal(/) acts doubly transitively on the set 
d\f of roots of f. //deg(/) is even then this action is '^-transitive; 
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(ii) deg(h) > 3 and the Galois group Gal{h) acts doubly transitively on the set 

yih of roots of h. If deg{h) is even then this action is Z -transitive; 
(iii) The splitting fields K{y\f) of f and K{y{h) of h are linearly disjoint over 
K. 
Let J{C'f) be the jacobian of the hyperelliptic curve Cf : y^ — f{x) and J{Ch) be the 
jacobian of the hyperelliptic curve C'h '■ y^ = h(x). Then either }iom{ J (C f) , J{Ch)) — 
0, Hom(J(C/i), J(C/)) = or chai{K) > and both J{Cf) and J{Ch) are super- 
singular abelian varieties. 

Proof. Let us put X = J{Cf),Y = J{Ch)- The transitivity properties imply 
that End(3^ ^(^2) = F2 and End^^ ^(^2) = F2. The hnear disjointness of K{^f) 
and if (9l/,)1mphes that the fields '^(X2) = K{{J{Cf)2) C if (%) and if (^2) = 
K{{J[Ch)2) C K{^h) are also linearly disjoint over K. Now the assertion follows 
readily from Theorem l2.1l with £ = 2. D 

4. Abelian varieties with multiplications 

Let E he a. number field. Let (X, i) be a pair consisting of an abelian variety X 
of positive dimension over Ka and an embedding i : E ^-^ End {X). Here 1 <E E 
must go to Ix- It is well known Q^ that the degree [E : Q] divides 2dim(X), i.e. 

._2dim(X) 

is a positive integer. Let us denote by End (X, i) the centralizer of i(£') in End {X). 
The image i{E) lies in the center of the finite-dimensional Q-algebra End {X, i). It 
follows that End (X, i) carries a natural structure of finite-dimensional i?-algebra. 
If Y is (possibly) another abelian variety over Ka and j : E ^^ End {¥) is an 
embedding that sends 1 to ly then we write 

Hom°((X,i),(y,j)) = {Me Hom°(X,r) I ui{c)=j{c)u Vc G S}. 

Clearly, End {X, i) = Hom"((X, z), (X, i)). If to is a positive integer then we write 
j(™) for the composition E ^-> End°(X) C End°(X'") of i and the diagonal inclusion 
End°(X) C End°(X™) = M„,(End°(X)). We have 

End°(X™,i(")) = M™(End°(X,i)) C M„(End"(X)) = End°(X™). 

Remark 4.1. The i?-algebra End'^(X, i) is semisimple. Indeed, in notations of Re- 
mark O End" (X) = risGi-^'* where all Ds = End°(X5) are simple Q-algebras. If 
pr^. : End"(X) -^ Dg is the corresponding projection map and Ds,_e is the centralizer 
of prj,i(i?) in Ds then one may easily check that End {X, i) = Ws^x^s.e- Clearly, 
prj,i(ii') = ii' is a simple Q-algebra. It follows from Theorem 4.3.2 on p. 104 of j2j 
that Ds^E is also a simple Q-algebra. This implies that Ds^e is a simple i?-algebra 
and therefore End {X, i) is a semisimple i^-algebra. We write ig for the composition 
pr,i : E ^ End''(X) -^ Ds= End''(X^). Clearly, Ds,e = End°{Xs, is) and 

End°{X,i) = Y[End"{Xs,is) (5). 

sex 

It follows that End {X, i) is a simple ii'-algebra if and only if End {X) is a simple Q- 
algebra, i.e., X is isogenous to a self-product of (absolutely) simple abelian variety. 

Theorem 4.2. (i) dimB(End"((X, i)) < ^9Sf~' 
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(ii) Suppose that diniE (End {{X,i)) = ',™La ■ Then: 

(a) X is isogenous to a self-product of an (absolutely) simple abelian vari- 
ety. Also End {{X,i) is a central simple E-algebra, i.e., E coincides 
with the center o/End ((X, i). In addition, X is an abelian variety of 
CM-type. 

(b) There exist an abelian variety Z , a positive integer m, an isogeny 
ip : Z™ -^ X and an embedding k : E '-^ End {Z) that sends 1 to \z 
such that: 

(1) End {Z, k) is a central division algebra over E of dimension 

(2) If c]\ai{Ka) = then E contains a CM subfield and 2dini(Z) = 
[-B : <Q] . In particular, [E : Q] is even. 

(3) If E does not contain a CM-field (e.g., E is a totally real num- 
ber field) then char(A'a) > and X is a supersingular abelian 
variety. 

Proof. Recall that d — 2dim{X)/[E : Q]. First, assume that X is isogenous to 
a self-product of an absolutely simple abelian variety, i.e.. End {X,i) is a simple 
-E-algebra. We need to prove that 

N := dimij(End"(X,i)) < d^ . 

Let C be the center of End°(X). Let E' be the center of End°{X,i). Clearly, 

C CE' C End°(X, i) C End"(X). 

Let us put e ~ [E' : E] . Then End {X, i) is a central simple £"-algebra of dimen- 
sion N/e. Then there exists a central division £"-algebra D such that End {X,i) 
is isomorphic to the matrix algebra Mm(Z?) of size m for some positive integer m. 
Dimension arguments imply that 

m d\Ti\E'{D) = — , dimE/(_D) = j-. 



Since dim^/ {D) is a square, 



N .,2 ,. ,.2 ,. .^^ fNl 



Nf, N^eNf, diiaE'{D) 
e \ m 

for some positive integer iVi. Clearly, m divides A^i. 

Clearly, D contains a (maximal) field extension L/E' of degree — and End°(X, i) ' 
^m{D) contains every field extension T/L of degree m. This implies that 

End"(X) D End°{X,i) dT 

and the number field T has degree [T : Q] ^ [E' : Q] ■ ^ ■ m ^ [E : Q]eNi. But 
[T : Q] must divide 2dim(X) (see [301 proposition 2 on p. 36]); if the equality holds 
then X is an abelian variety of CM-type. This implies that eA^i divides d = ,™L ' . 
It follows that (eiVi)^ divides d^; if the equality holds then [T : Q] = 2dim(X) and 
therefore X is an abehan variety of CM-type. But (eA^i)^ = e^TVf = e{eNl) = 
eiV = e • dim£;(End°(X,i)). This implies that dim£;(End°(X, i)) < ^ < d^ which 
proves (i). 

Assume now that dims (End {X,i)) ~ d^. Then e ~ 1 and 

(eiVi)2 ^r\Ni = d, [T:Q] = [E: Q]eiVi = [E : Q]d = 2dim(X); 
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in particular, X is an abelian variety of CM-type. In addition, since e = 1, we have 
E' = E, i.e. End {X, i) is a central simple S-algebra. We also have C d E and 

diuiEiD) - dimE'iD) = (^) = (- 

Since E is the center of D, it is also the center of the matrix algebra Mm{D). 
Clearly, there exist an abelian variety Z over Ka, an embedding j : D ^-> End (Z) 
and an isogeny ip : Z™ -^ X such that the induced isomorphism 

V'* : End"(Z™) = End°(X), u ^ V^V^"^ 

maps j(Mm(D)) := M^{j{D)) C M„(End°(Z)) = End°(Z™) onto End°(X,i). 
Since E is the center of M^iD) and i(£') is the center of End°(X, i), the iso- 
morphism V* maps j{E) C j(M„(L>)) = M^OX^*)) C End"(Z™) onto i{E) C 
End (X). In other words, i^itJiE) = i{E). It follows that there exists an auto- 
morphism a of the field E such that i = ip^ja on i?. This implies that if we put 
k:=ja:E^ End''(Z) then ^j e Hom((Z'", fc(™)), {X, i;)). 

Clearly, A;(£;) = j{E) and therefore jp) C End°(Z, k). Since M„(End°(Z, A:)) ^ 
End (X, j) = Mm{D), the dimension arguments imply that j{D) = End (Z, k) and 
therefore End''(Z, fc) = D is a division algebra. We have 

dim(Z) ^ '^^^, dim.P) = r^V - f?^^V = C-?^^ ' 



?n ■ ' X'niJ \[E:Q]mJ \ [E : ' 

Let B be an absolutely simple abelian variety over Ka such that X is isogenous 
to a self-product i?'' of i3 where the positive integer r = -g^^fgy ■ Then End°(i3) is a 
central division algebra over C; we define a positive integer go by dim(7(End {B)) = 
(7o- Since End'^(X) contains a field of degree 2dim(X), it follows from Propositions 
3 and 4 on pp. 36-37 in ^^ (applied toA = X,K — C,g = go,m — dim(_B), / — 
[C : Q]) that 2dim(B) = [C : Q] ■ go. Let Tq be a maximal subfield in the g^- 
dimensional central division algebra End (B). Well-known properties of maximal 
subfields of division algebras imply that Tq contains the center C and [Tq : C] = go- 
It follows that [To : Q] = [C : Q][To : C] = [C : Q] ■ go = 2dim(B) and therefore 
End°(_B) contains a field of degree 2dim(i?). This implies that B is an absolutely 
simple abelian variety of CM-type; in terminology of '5?, B is an absolutely simple 
abelian variety with sufRciently many complex multiplications. 

Assume now that ch.a.j:{Ka) — 0. We need to check that 2dim(Z) = [i? : Q] and 
E contains a CM-field. Indeed, since D is a division algebra, it follows from Albert's 
classification gll ESI that dimQ(D) divides 2dim(Z) = ^^^^^ = [E : Q]^. On 
the other hand, dimQ(i:)) = [E : Q]dimB(L») = [^ : Q] (^)^. Since m divides d, 
we conclude that ^ = 1, i.e., dimij(i:') = 1,D = ^, 2dim(Z) = [E : Q]. In other 
words, End (Z) contains the field E of degree 2dim(Z). It follows from Theorem 1 
on p. 40 in ^ (apphed to F = £;) that E contains a CM-field. 

Now let us drop the assumption about char(isro) and assume instead that E does 
not contain a CM subfield. It follows that char(iir) > 0. Since C lies in E, it is 
totally real. Since B is an absolutely simple abelian variety with sufRciently many 
complex multiplications it is isogenous to an absolutely simple abelian variety W 
defined over a finite field |22] and End (B) = End (W). In particular, the center 
of End (W) is isomorphic to C and therefore is a totally real number field. It 
follows from the Honda-Tate theory [^ that W^ is a supersingular elliptic curve 
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and therefore B is also a supersingular elliptic curve. Since X is isogenous to B^ , 
it is a supersingular abelian variety. 

Now let us consider the case of arbitrary X . Applying the already proven case 
of Theorem l4.2f i'l to each Xg, we conclude that 

Applying (5), we conclude that 

dims (End" (a:, i)) = ^ dim£;(End"(A,, i^)) < 



E 



sei 
2 tox^ A-.r^tv W^ /0A;^fV\\2 



f2dimiX,)Y ^ (2E,eidim(X,))2 _ (2dim(X)) 



^^^v [E-m J - [E-.m^ [E:Qv ■ 

It follows that if the equality dims (End (AT, i)) — r™oi2 holds then the set X of 
indices s is a singleton, i.e. X = Xg is isogenous to a self-product of an absolutely 
simple abelian variety. 

D 
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